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LENGTH STATISTICS OF RANDOM MULTICURVES
ON CLOSED HYPERBOLIC SURFACES
MINGKUN LIU
Abstract. In this note, we determine the length distribution of components of a random
multicurve on a fixed hyperbolic surface using Mirzakhani’s equidistribution theorem for
horospheres and Margulis’ thickening technique. We obtain an explicit formula for the
resulting lengths statistics and prove, in particular, that it depends only on the topological
type of the multicurve and does not depend on the hyperbolic metric. This result generalizes
prior result of M. Mirzakhani, providing the length statistics for multicurves decomposing
the surface into pairs of pants. Results very close to ours are obtained independently and
simultaneously by F. Arana-Herrera.
1. Introduction
Let Σg be a closed orientable surface of genus g ≥ 2, γ = c1γ1 + · · · + ckγk be a
simple closed integral multicurve in the space of measured laminations MLg,n(Z) on Σg,
and X ∈ Mg (or more appropriately, X ∈ Tg) be a hyperbolic surface of genus g ≥ 2. Our
definition of a random multicurve is as follows. Consider the set
{h · γ ∈MLg(Z) : h ∈ Modg, `h·γ(X) := c1 · `h·γ1(X) + · · ·+ ck · `h·γk(X) ≤ L},
where Modg is the mapping class group of Σg, `α(X) is the length of α ∈ MLg(Z) with
respect of the hyperbolic metric of X, and L ∈ R+ := (0,+∞). Each point in this set
projects to a unique point on the simplex
∆1γ := {(x1, . . . , xk) ∈ Rk+ : c1x1 + · · ·+ ckxk = 1}
by the map
h · γ 7→ (`h·γ1(X)/`γ(X), . . . , `h·γk(X)/`γ(X)),
and thus defines a discrete probability measure νL on ∆1γ. M. Mirzakhani proves
Theorem 1.1 ([Mir16, Theorem 1.2]). If γ = γ1 + · · ·+γ3g−3 is a pants decomposition, then
lim
L→∞
νL = ν
where for any open subset A ⊂ ∆1γ,
ν(A) = (6g − 6)!
∫
Cone(A)
x1 . . . x3g−3 dx1 · · · dx3g−3.
This note aims to prove the following generalization:
Theorem 1.2. If γ = c1γ1 + · · · ckγk ∈MLg(Z) is a multicurve, then
lim
L→∞
νL = ν,
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where for any open subset A ⊂ ∆1γ,
(1.1) ν(A) =
1
Mγ
∫
A
∏
e∈E(Γ )
xe ·
∏
v∈V (Γ )
V >gv ,nv(xv) ds,
where
Mγ =
∫
∆1γ
∏
e∈E(Γ )
xe ·
∏
v∈V (Γ )
V >gv ,nv(xv) ds,
Γ is the stable graph associated to γ (see Section 2), V (Γ ) is the set of vertices of Γ , E(Γ )
is the set of edges of Γ , V >g,n(x) is a homogeneous polynomial, the top degree part of the
Weil–Petersson volume polynomial Vg,n(x), and ds is the induced Lebesgue measure on the
simplex ∆1γ.
Note, that the statistics in Theorems 1.1 and 1.2 depend only on the integral multicurve,
or rather on its orbit under the action of the mapping class group: it is one and the same
for all hyperbolic metrics X in the moduli spaceMg.
Motivation. Theorem 1.2 is motivated by Theorem 1.1 of Mirzakhani. Another motivation
originates from Theorem 1.25 in the Section “Statistical geometry of square-tiled surfaces” in
[DGZZ19]. Namely, the statistics of perimeters of maximal cylinders of a “random” square-
tiled surface associated to a given multicurve γ given by formula (1.38) from [DGZZ19]
coincides with statistics of hyperbolic lengths of different components of γ given by formula
(1.1) in Theorem 1.2 above. Though formula (1.38) from [DGZZ19] can be interpreted
as a certain average of lengths statistics for individual hyperbolic surfaces X, it does not
imply that such statistics do not change when X changes. The conjecture of non-varying of
statistics of hyperbolic lengths for any fixed multicurve under arbitrary deformation of the
hyperbolic metric, proved in Theorem 1.2 was one of our principal motivations.
Idea of the proof. The component length distribution that we are after comes down to an
counting problem of multicurves under constraints, which can be converted to a problem of
enumerating certain “lattice points” within a horoball in a covering space of the moduli space.
A reasonable guess is that the growth of the number of these points is asymptotically equal
to that of the volume of the horoball, up to a factor, which turns out to be true. The proof
relies on a slight generalization of Mirzakhani’s equidistribution theorem for horospheres,
and Margulis’ thickening technique.
Remark. While the author was finishing this note, the article of F. Arana-Herrera [AH19]
appeared on the arXiv. The paper [AH19] and the current paper are devoted to similar
circle of problems and use similar circle of ideas, though they were written in parallel and
completely independently. In particular, paper [AH19] proves a much more general version
of our Theorem 4.1 ([AH19, Theorem 1.3]), which is one of the key ingredients allowing to
attack the counting problem and the length statistics. We learned from the paper [AH19]
that this kind of statistics was initially conjectured by S. Wolpert. Papers [AH19] and [AH20]
established results closely related to Theorem 1.2.
Proposition 4.8 below is based on a theorem stated by M. Mirzakhani but presented
without a detailed proof. The paper [AH19] contains a detailed proof of even stronger
estimate which implies, in particular, the statements of this theorem; see Remark 4.6.
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2. Background
In what follows, we denote by Σg,n a orientated surface of genus g with n boundary
components, Σg := Σg,0, and d := dimR Tg,n = 3g−3+n. By a multicurve we mean a formal
Z+-linear combination of disjoint simple closed curves on Σg,n.
Teichmüller spaces and moduli spaces. Let L := (L1, . . . , Ln) ∈ Rn+. The Teichmüller
space Tg,n(L) consists of equivalent classes of diffeomorphisms φ : Σg,n → X where X
is a complete hyperbolic surface with n totally geodesic boundary components of length
L1, . . . , Ln, and we say two such diffeomorphisms φ : Σg,n → X and ψ : Σg,n → Y are
equivalent if ψ ◦ φ−1 : X → Y is isotopic to an isometry.
The mapping class group, denoted by Mod(Σg,n) or simply Modg,n, is the group of
isotopy classes of orientation-preserving self-diffeomorphisms of Σg,n that do not permute
the boundary components.
The mapping class group acts properly and discontinuously on the Teichmüller space
Tg,n(L) by [h] · [φ] = [φ ◦ h−1] where [h] ∈ Modg,n and [φ] ∈ Tg,n(L), and the quotient space
Mg,n(L) := Tg,n(L)/Modg,n is called the moduli space.
The mapping class group acts on the set of homotopy classes of simple closed curves
by [h] · [γ] = [h ◦ γ] where [h] ∈ Modg,n and γ : S1 → Σg,n is a simple closed curve in Σg,n.
The action of Modg,n on the set of homotopy classes of multicurves (and more generally on
MLg,n; see below) can be defined in a similar manner. We denote by Stab(γ) the subgroup
of Modg,n which fixes a simple closed curve α, and by Stab+(α) the subgroup which fixes
additional the orientation of α. The mapping class group’s subgroup stabilizing a multicurve
β (whose components can be permuted) is also denoted by Stab(β).
Finally, we fix the following notations:
Tg,n := Tg,n(0, · · · , 0), Tg := Tg,0, Mg,n :=Mg,n(0, · · · , 0), Mg :=Mg,0.
Sym(γ) := Stab(γ)/ ∩ki=1 Stab(γi), Sym+(γ) := Stab(γ)/ ∩ki=1 Stab+(γi).
Fenchel–Nielsen coordinates. A pants decomposition P of Σg,n is a set of disjoint simple
closed curves {α1, . . . , αd} such that the complement Σg,n rP is a disjoint union of spheres
with three boundary components i.e. Σ0,3, in other word, a pair of pants.
Let α be a (homotopically non-trivial) simple closed curve on Σg,n, then in the free
homotopy class of α there exists a unique simple closed geodesic which minimizes the hy-
perbolic length (see, e.g. [Bus10, Theorem 1.6.6]). Therefore, α induce a length function
`α : Tg,n(L) → R+ by sending X to the length of the geodesic representative of the free
homotopy class of α.
Given a pants decomposition P = {αi}di=1, for any X ∈ Tg,n(L), the map
Tg,n(L) −→ (R+ × R)d, X 7−→ (`α1(X), τα1(X), . . . , `αd(X), ταd(X)),
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where τα(X) is the twist parameter (see [Bus10, Section 3.3]), gives a global coordinate
system for Tg,n(L) (see [Bus10, Theorem 6.2.7]). The image of X under this map is called
its Fenchel–Nielsen coordinates (with respect to P).
Weil–Petersson form. The Teichmüller space Tg,n(L) carries a natural mapping class
group invariant symplectic form (which descends to Mg,n(L)), called the Weil–Petersson
symplectic form, and denoted by ωWP or simply ω. The Weil–Petersson form on Tg,n(L) has
the following simple expression in the Fenchel–Nielsen coordinate system:
Theorem 2.1 ([Wol83]). Let P = {αi}di=1 be a pants decomposition of Σg,n. Then in the
Fenchel–Nielsen coordinates system corresponding to P, the Weil–Petersson form
ω =
d∑
i=1
d`αi ∧ dταi .
The Weil–Petersson volume ofMg,n(L), denoted by Vg,n(L), is the volume ofMg,n(L)
induced by the symplectic form ω. More precisely,
Vg,n(L) :=
∫
Mg,n(L)
ωd/d!
In [Mir07b] and [Mir07c] Mirzakhani proves by different approaches that Vg,n(L1, . . . , Ln) is
a symmetric polynomial in L21, . . . , L2n of degree d.
Finally, we denote by vol(A) the volume of A with respect to the (induced) Weil–
Petersson measure unless otherwise stated.
Earthquakes. Let X be a hyperbolic surface of genus g with n geodesic boundary compo-
nents. A (geodesic) measured lamination on X is a closed subset of X foliated by simple
geodesics, furnished with a transverse measure of full support. Note that this generalizes the
multi-geodesics, which is a formal R+-linear combination of disjoint simple closed geodesic
on X, since morally the data of a transverse measure is equivalent to a weight assignment
to each leaf of the lamination. We denote by ML(X) the space of all geodesic measured
lamination on X.
Given two simple closed curves α and β, the geometric intersection number i(α, β) of
α and β is the minimum number of points in which the representatives of the free homotopy
classes of α and of β intersect. This notion can be extended to general measured laminations
(see e.g. [Kap01, Section 11.11]). We equip ML(X) with the weakest topology such that
the function λ 7→ i(λ, γ) is continuous for any simple closed curve γ. In fact, this topology
does not depend on the hyperbolic metric of X, and moreoverML(X) is homeomorphic to
R2d, so we shall henceforth drop the notation ML(X) and use MLg,n instead, to refer to
the space of all measured laminations on a hyperbolic surface of genus g with n boundary
components. Furthermore, MLg,n admits a piece-wise integral linear structure (given by
train tracks), in which the integral multicurves correspond to the integral points (hence the
notationMLg,n(Z)). See [Mir08a] for more details. The Lebesgue measure induced by this
piece-wise integral linear structure, denoted by µTh, is the so-called Thurston measure, which
turns out to be mapping class group invariant (see e.g. [PH92]).
The length function and the twist deformation can be extended onMLg,n by homothety
and continuity. A general measured lamination λ ∈ MLg generates a flow twλ on Tg,n(L),
called the earthquake flow; this generalizes the twist flow along a simple closed curve.
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Let PTg,n := Tg,n×MLg,n be the bundle of measured laminations over the Teichmüller
space, and let P1Tg,n := {(X,λ) ∈ PTg,n : `λ(X) = 1} be the unit sphere bundle of PTg,n
with respect to the length function.
The mapping class group Modg,n acts on PTg,n via h · (X, γ) = (g · X, h · γ) and the
action preserves the length function (X,λ) 7→ `λ(X) defined on Tg,n×MLg,n (and hence its
level sets). Write PMg,n := PTg,n/Modg,n and P1Mg,n := P1Tg,n/Modg,n. We define the
earthquake flow on PTg,n by
twt(X,λ) := (twtλ(X), λ),
so that it commutes with the mapping class group action, whence it descends to PMg,n;
moreover, since the earthquake flow preserves the length function, it is also well-defined on
P1Mg,n.
The Thurston measure µTh on MLg,n and the Weil–Petersson measure µWP on Tg,n
define a Lebesgue class measure µWP×µTh in PTg,n, which induces a measure ν˜g,n in P1Tg,n
by setting:
ν˜g,n(U × V ) := (µWP × µTh)(Cone(U)× V )
where U × V ⊂ P1Tg,n, and Cone(U) = {rλ ∈ U : r ∈ [0, 1]}.
Since both µWP and µTh are mapping class group invariant, ν˜g,n descends to a measure
νg,n on P1Mg,n. The measure νg,n is earthquake flow invariant, and the push-forward of νg,n
by the canonical projection P1Mg,n →Mg,n is B(X)µWP, where
B(X) := µTh{λ ∈MLg,n : `λ(X) ≤ 1}.
For more details we may refer to [Mir08a, Theorem 3.1]. In addition, the total mass bg,n of
νg,n is finite (see [Mir08b, Theorem 3.3]).
The following theorem that Mirzakhani proves in [Mir08a] plays a fundamental role in
the establishment of the equidistributivity of large horospheres.
Theorem 2.2 (Mirzakhani). The earthquake flow on P1Mg is ergodic with respect to the
Lebesgue measure class.
Thurston’s distance. In this subsection we introduce Thurston’s distance and Thurston’s
distance ball, which the reader can consult [Thu98] for more details. Let X, Y ∈ Tg,n. We
set
d1(X, Y ) := inf
λ∈MLg,n
log
`λ(X)
`λ(Y )
.
The Thurston distance between X and Y is defined by
dTh(X, Y ) := max{d1(X, Y ), d1(Y,X)}.
The ball of radius /2 with respect to Thurston’s distance centered at X will be denoted by
BX() i.e.
BX() := {Y ∈ Tg,n : dTh(X, Y ) ≤ /2}.
The reason for the choice of radius /2 is because for small  > 0 (e.g. 0 <  < 1/2),
e ≤ 1 + 2, e− ≥ 1− 2,
and therefore for small  > 0 and Y ∈ BX(), we have
(2.1) (1− )`λ(X) ≤ `λ(Y ) ≤ (1 + )`λ(X)
for all λ ∈MLg,n.
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Since h · BX() = Bh·X() for all h ∈ Modg,n, the Thurston’s distance ball is also
well-defined on Mg,n and on Mγg,n (which will be defined later), and with slight abuse of
notation, the Thurston’s distance ball centered at X ∈ Mg,n or X ∈ Mγg,n of radius  will
still be denoted by BX().
Stable graphs and graph polynomials. We introduce in this subsection the stable graph
and the graph polynomial associated to a multicurve, which give a more concise formalism
of many statements in this note. For more details, see [DGZZ19, Section 1.2].
Let γ = c1γ1 + · · · + ckγk ∈ MLg(Z) be a multicurve. We associate γ with a graph
whose vertices represent the connected components of Σgr∪ki=1γi and edges are in bijection
with γi, 1 ≤ i ≤ k. We call this graph the stable graph associated to γ, and denote it by
Γ (γ), or simply Γ when no confusion is likely to result. Note that Γ does not depend on
the coefficients ci.
Now we construct the graph polynomials associated to γ. For each edge e ∈ E(Γ ) of
Γ , we attach a formal variable xe. For each vertex v ∈ V (Γ ) of Γ , we attach the Weil–
Petersson volume polynomial Vgv ,nv(xv), where gv is the genus of the connected component
of the surface represented by v, xv is the set consisting of the formal variables associated to
the half-edges which are adjacent to v, and nv is the cardinal of the set xv. The top degree
part of Vgv ,nv(xv), which is a symmetric homogeneous polynomial of degree 6gv − 6 + 2nv, is
denoted by V >gv ,nv(xv). Finally, we define
(2.2) PΓ (x1, . . . , xk) :=
2−M(γ)
|Sym+(γ)|
∏
e∈E(Γ )
xe ·
∏
v∈V (Γ )
Vgv ,nv(xv),
where M(γ) is the number of one-handles in Σg,n r ∪ki=1γi. The top degree part of PΓ is
denoted by P>Γ . Note that both PΓ and P>Γ are of degree 2d− k, and the integral of PΓ over
the simplex ∆Lγ is a polynomial in L of degree 2d− 1.
Example 2.3. If γ = γ1 + · · · + γd is a pants decomposition, then Vgv ,nv(xv) = 1 for all
v ∈ V (Γ ), and
PΓ (x1, . . . , xd) = P
>
Γ (x1, . . . , xd) = x1 · · ·xd.
Example 2.4. Let γ = γ1 + γ2 as in Figure 1. We have (see [Mir07b, Page 3])
Vga,na(xa) = V0,3(x1, x1, x2) = 1, Vgb,nb(xb) = V1,1(x2) =
1
24
(x22 + 4pi
2),
and therefore,
V >ga,na(xa) = 1, V
>
gb,nb
(xb) =
x22
24
.
Finally since M(γ) = 1 and |Sym+(γ)| = 1, we have,
PΓ (x1, x2) =
1
48
x1x2(x
2
2 + 4pi
2), P>Γ (x1, x2) =
1
48
x1x
3
2.
Example 2.5. Let γ = c1γ1 as in Figure 2. We have
Vga,na(xa) = V2,1(x1), Vgb,nb(xb) = V1,1(x1).
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γ1
γ2
x1
x1
x2 x2
a b
Figure 1. Example 2.4
The Weil–Petersson volume polynomial V2,1(x1) is (see [Mir07b, Page 3])
1
2211840
(4pi2 + x21)(12pi
2 + x21)(6960pi
4 + 384pi2x21 + 5x
4
1)
The top degree part V >1,3(x1, x2, x3) is thus x81/442368, and therefore
P>Γ =
x101
21233664
.
γ1
x1a b
Figure 2. Example 2.5
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3. Horospheres
Between Tg and Mg. Let γ := c1γ1 + · · ·+ ckγk be a multicurve.
The intermediate quotient space Mγg := Tg/ ∩ki=1 Stab(γi) plays a central role in this
note. Before take a closer look at this space, we fix the following notations:
Tg Mγg
Mg
piγ
pi
piγ
where we put γ as the upper index in piγ : Tg →Mγg to “raise the index”, and as the lower
index in piγ :Mγg →Mg to “lower the index”.
It is sometimes useful to interpretMγg in the following way. Consider the product space
P := Tg × (Modg · (γi)ki=1), on which the mapping class group Modg acts via h · (X, (αi)i) =
(h · X, h · (αi)i). The projection P/Modg → Mg given by [(X, (αi)i)] 7→ pi(X) is well-
defined, and the quotient space P/Modg can be identified with Mγg . More concretely, we
can construct a map P → Mγg by assigning (X, h · (γi)i) to piγ(h−1 · X), then two pairs
(X, h · (γi)i) and (X ′, h′ · (γi)i) are sent to the same point in P/Modg if and only if there
exists s ∈ ∩ki=1Stab(γi) such that s ·h−1 ·X = (h′)−1 ·X ′, if and only if these two pairs define
the same point inMγg .
The space Mγg has a branched covering space Mγ,+g := Tg/ ∩ki=1 Stab+(γi) of degree
[∩ki=1Stab(γi) : ∩ki=1Stab+(γi)], which admits a convenient expression constructed as follows.
For given multicurve γ, the Teichmüller space Tg can be “decomposed” as
Tg '
{(
x1, t1, . . . , xk, tk, (Xv)v∈V (Γ )
)
:
x1, . . . , xk ∈ R+, t1, . . . , tk ∈ R,
Xv ∈ Tgv ,nv(xv), v ∈ V (Γ )
}
.
For example, the decomposition that corresponds to the multicurve γ in Example 2.4 is
T2 '
{
(x1, t1, x2, t2, X1, X2) :
x1, x2 ∈ R+, t1, t2 ∈ R,
X1 ∈ T0,3(x1, x1, x2), X2 ∈ T1,1(x2)
}
.
On the other hand, the mapping class group Modg is generated by the Dehn twists along γi,
1 ≤ i ≤ k, and the subgroups Modgv ,nv , v ∈ V (Γ ), which fixes everything but the connected
component of Σ r ∪ki=1γi corresponding to v. Hence Mγ,+g := Tg,n/ ∩ki=1 Stab+(γi) has the
following form which is well adapted to calculation of integral
Mγ,+g '
((xi, ti)ki=1, (Xv)v∈V (Γ )) : x1, . . . , xk ∈ R+,t1 ∈ R/(2M(γ1)x1 · Z), . . . , tk ∈ R/(2M(γk)xk · Z),
Xv ∈Mgv ,nv(xv), v ∈ V (Γ )
 ,
where M(γi) is the number of one-handles in Σ \ γi (the presence of this factor is due to the
hyperelliptic involution possessed by every one-holed torus as extra symmetry).
Horospheres. The horosphere of radius L associated to γ is the subset of Tg defined by
HLγ := {X ∈ Tg : `γ(X) := c1`γ1(X) + · · ·+ ck`γk(X) = L}.
More generally, the horosphere determined by γ and a cone K in Rk+ is given by
HLγ,K := {X ∈ Tg : `γ(X) = L, (`γ1(X), . . . , `γk(X)) ∈ ∆Lγ ∩K},
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where
∆Lγ := {(x1, . . . , xk) ∈ Rk+ : c1x1 + · · ·+ ckxk = L}.
Remark 3.1. A more general cone involving the twist parameters τγi which allows us to study
the twist distribution can be defined similarly, but in this note we will concentrate on the
length.
To simplify the notations, we will denote in the rest of this note
RLγ,K := pi
γ(HLγ,K) ⊂Mγg , SLγ,K := pi(HLγ,K) ⊂Mg,
which correspond to “HoRoSphere”, and
R+,Lγ,K := pi
γ,+(HK,Lγ ),
where piγ,+ : Tg →Mγ,+g is the canonical projection.
By definition, we can write
RLγ,K = {[(X, (αi)ki=1)] ∈Mγg : (`αi(X))ki=1 ∈ ∆Lγ ∩K},
and
SLγ,K =
{
X ∈Mg : there exists h ∈ Modg such that(`h·γi(Y ))ki=1 ∈ ∆Lγ ∩K for some Y ∈ pi−1(X)
}
.
Horospherical measures. The horospheres HLγ,K ⊂ Tg carries a measure inherited from
the Weil–Petersson measure on Tg, and thus defines the horospherical measure µH,Lγ,K on Tg
supported on HLγ,K by setting
µH,Lγ,K (U) := vol(U ∩HLγ,K),
for U ⊂ Tg. The horospherical measures on Mγ,+g , Mγg , and Mg, denoted respectively by
µR,+,Lγ,K , µ
R,L
γ,K , and µ
S,L
γ,K (or simply µ
L
γ,K), can be constructed completely analogously.
The projection piγ :Mγg →Mg is a branched covering map of infinite degree. However,
its restriction to RLγ,K is generically a branched covering map of finite degree |Sym(γ)| =
[Stab(γ) : ∩ki=1Stab(γi)]; more precisely, the locus where it is not, is the subset
{piγ(X) ∈Mγg : X ∈ Tg,∃h ∈ Modg r ∩ki=1Stab(γ), `γ(X) = `h·γ(X) = L},
which is of positive codimension in RLγ,K . Therefore for U ⊂Mg open, we have
(3.1) µS,Lγ,K(U) =
µR,Lγ,K(pi
−1
γ (U))
[Stab(γ) : ∩ki=1Stab(γi)]
.
Next, since pi+ : Mγ,+g → Mγg is a branched covering map of degree [∩ki=1Stab(γi) :
∩ki=1Stab+(γi)], for any U ⊂Mγg we have
(3.2) µR,Lγ,K(U) =
µR,+,Lγ,K (pi
−1
+ (U))
[∩ki=1Stab(γi) : ∩ki=1Stab+(γi)]
.
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Total mass. By (3.1) and (3.2), the total mass of the horosphere MLγ,K := µLγ,K(Mg) =
vol(SLγ,K) can be calculated by
(3.3) MLγ,K =
vol(R+,Lγ,K)
|Sym+(γ)| .
Therefore we obtain
Proposition 3.2. The total massMLγ,K of the horosphere SLγ,K ⊂Mg is given by the formula:
MLγ,K =
∫
∆Lγ∩K
PΓ (x1, . . . , xk),
where ∆Lγ = {(x1, . . . , xk) ∈ Rk+ : c1x1+· · · ckxk = L}, PΓ is defined by (2.2), and the integral
is taken against the induced Lebesgue measure on the simplex ∆Lγ .
Proof. This follows directly from (3.3) and the expression of Mγ,+g given on Page 8. This
calculation is in the same spirit as that in [Mir07b, Section 8]. 
Corollary 3.3. The total mass MLγ,K is a polynomial in L of degree 2d − 1 = 6g − 7. Let
Cγ,K be its leading coefficient, then we have
MLγ,K ∼ Cγ,K · L2d−1,
when L→∞, and Cγ,K can be calculated by
Cγ,K =
∫
∆1γ∩K
P>Γ (x1, . . . , xk),
where ∆1γ = {(x1, . . . , xk) ∈ Rk+ : c1x1 + · · · ckxk = 1}, P>Γ is the top degree part of PΓ , and
the integral is taken against the induced Lebesgue measure on the simplex ∆1γ.
On P1Mg. The horosphere and horospherical measure are also naturally defined on the
unit sphere bundle P1Mg overMg. The horosphere
HLγ,K := {(X, γ/L) ∈ P1Tg : `γ(X) = L, (`γi(X))ki=1 ∈ K}
projects to SLγ,K ⊂ P1Mg by the canonical projection P1Tg → P1Mg, and hence induces a
measure νS,Lγ,K , or simply ν
L
γ,K , on P1Mg defined by setting
νLγ,K(U) := νg(U ∩ SLγ,K),
where U ⊂ P1Mg and νg is referred to (by a mild abuse of notation) the measure on SLγ,K
induced by νg (see Section 2).
By definition, the push-forward of νLγ,K onMg by the canonical projection P1Mg →
Mg is exactly µLγ,K , in particular, the two measures share the same total mass.
Since νg and the length function (defined on Tg×MLg) are earthquake flow invariant,
we have
Proposition 3.4. The horospherical measure νLγ,K on P1Mg is invariant under the earth-
quake flow.
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4. Equidistribution
In this section we study the equidistribution of horospheres on Mg. Let νLγ,K be the
horospherical measure on P1Mg, µLγ,K be the horospherical measure on Mg, and MLγ,K be
their common total mass. The goal is to establish the following theorem:
Theorem 4.1. We have weak convergence of measures
νLγ,K
MLγ,K
−→ νg
bg
when L→∞.
Since p∗(νLγ,K) = µLγ,K and p∗(νg) = B(X)µWP, where p : P1Mg →Mg is the canonical
projection, we have
Corollary 4.2. We have weak convergence of measures
µLγ,K
MLγ,K
−→ B(X)
bg
µWP
when L→∞.
Mirzakhani proves the equidistribution theorem for horospheres in the case of simple
closed curves in [Mir07a], and in the case of pants decompositions in [Mir16]. Recently,
F. Arana-Herrera gives a systematical investigation of this subject in [AH19], and our The-
orem 4.1 (resp. Corollary 4.2) is only a special case of [AH19, Theorem 1.3] (resp. [AH19,
Corollary 1.4]). For the sake of completeness of this note, we present here a sketch of the
proof of Theorem 4.1, which is essentially a review of the original proof in [Mir07a], with
some minor modifications.
Plan of the proof. Let ν be a weak limit of {νLγ,K/MLγ,K}L∈R+ , we will show that
1. ν is invariant under the earthquake flow.
2. ν belongs to the Lebesgue measure class.
3. ν is a probability measure.
Claim 1 is a direct consequence of Proposition 3.4. We start with Claim 3.
Escape to infinity. Because of the non-compactness of Mg, a priori a weak limit of a
sequence of probability measures onMg is not necessarily a probability measure. Neverthe-
less,
Proposition 4.3. Any weak limit of the sequence νLγ,K/MLγ,K has total mass 1.
Let L = (L1, . . . , Ln) ∈ Rn+. We denote byMg(L) the subset ofMg(L) consisting of
surface X where there exists a simple closed geodesic in X with length less than . This is
called the thin part ofMg, and we denote its complement byM≥g .
The main ingredient of the proof is the following theorem which is indeed a corollary
of the results in [MW02].
Theorem 4.4 ([Mir07b, Theorem 5.11]). Given c > 0, there exists  = (c) > 0 such that
for any X ∈ Tg and any γ ∈MLg, exactly one of the followings holds:
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A. There exists a simple closed curve σ such that i(σ, γ) = 0, and `σ(X) < .
B. We have
lim inf
T→∞
|{t ∈ [0, T ] : pi(twtγ(X)) ∈M≥g }|
T
> 1− c.
Proof of Proposition 4.3. We shall prove that for all δ > 0 there exists a compact subset
Qδ ⊂ P1Mg such that
(4.1) lim inf
L→∞
νLγ,K(Qδ)
MLγ,K
≥ 1− δ.
The strategy (following Mirzakhani) is to find an  = (δ) > 0 such that
lim inf
L→∞
µLγ (M≥g )
MLγ
≥ 1− δ,
then since µLγ,K is the push-forward of νLγ,K under the canonical projection p : P1Mg →Mg,
Qδ := p
−1(M≥g ) ⊂ P1Mg satisfies (4.1).
Theorem 4.4 allows us to decompose HLγ,K into
HLγ,K = HA unionsqHB,
where HA (resp. HB) is the union of earthquake flow twγ orbits which verify Theorem 4.4.A
(resp. Theorem 4.4.B). To simplify the notation, we will write
RA := pi
γ(HA), RB := pi
γ(HB), SA := pi(HA), SB := pi(HB).
First, we prove that vol(SA)/L2d−1 becomes arbitrarily small as L grows even for K =
Rk+, and thanks to (3.1), it is sufficient to prove the same statement for RA. At least one of
the following holds for any X ∈ HA:
1. `γi(X) <  for some 1 ≤ i ≤ k;
2. σ and γi are disjoint for all 1 ≤ i ≤ k.
So RA can be written as a (not necessarily disjoint) union RA = RA1 ∪ RA2, corresponding
to the two cases above.
All the following integrals are taken with respect to the induced Lebesgue measures on
the integral domains.
Let us calculate the part of the volume of RA1 contributed by `γ1(X) < . Write
∆i := ∆
L
γ ∩ {(x1, . . . , xk) ∈ Rk+ : 0 ≤ x1 < }, and Fγ(x1, . . . , xk) :=
∏
v∈V (Γ ) Vgv ,nv(xv) (a
polynomial of degree 2d− 2k). By (3.2), this part of volume contribution is given by, up to
a constant,∫
∆1
x1 · · ·xk · Fγ(x1, . . . , xk) ≤
∫
∆Lγ−c1γ1
 · x2 · · ·xk · Fγ(, x2, . . . , xk) = O(L2d−3),
when L→∞. Therefore we have
vol(RA1) ≤
k∑
i=1
∫
∆i
PΓ (x1, . . . , xk) = O(L
2d−3).
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Now suppose σ and γ are disjoint. The volume of the part of RA2 corresponding to the
topological type of σ (non separating, or separates the surface in two parts of genus i and
g − i with 1 ≤ i ≤ bg/2c) is, up to a constant,∫ 
0
∫
∆Lγ
x1 · · ·xk · y · Fγ+σ(x1, . . . , xk, y) ≤ 2
∫
∆Lγ
x1 · · ·xk · Fγ+σ(x1, . . . , xk, ) = O(2L2d−3),
when L → ∞. Since there are only finitely many topological types of simple closed curves,
we have
vol(RA2) = O(
2L2d−3).
Hence Corollary 3.3 implies that µLγ,K(RA)/MLγ,K can be smaller than arbitrary c′ > 0
for L sufficiently large.
Let us turn our attention to HB. Note that each X ∈ HB lies in a unique 1-periodic
earthquake flow orbit determined by γX := γ1/`γ1(X) + · · ·+ γk/`γk(X), so HB can also be
written as the disjoint union of such earthquake flow orbits. Since X /∈ HA, Theorem 4.4
implies,
|{t ∈ [0, 1] : pi(twtγX (X)) ∈M≥g }| > 1− c.
Roughly speaking, in most of the time X wanders outside of the thin part of the moduli
space. Therefore,
lim inf
L→∞
µLγ,K(M≥g )
MLγ,K
≥ (1− c′)(1− c) > 1− δ,
where we have taken c′ = c = δ/2. Thus the proposition is proved. 
Absolute continuity of weak limits. In the rest of this section we once and for all fix
a compact subset Q ⊂ Mg. To simplify the notation, we say A = O(B) if A ≤ C · B
and A  B if C−1 · B ≤ A ≤ C · B for some constant C which depends only on Q, unless
otherwise stated.
The key estimates are
Theorem 4.5 ([Mir07a], [Mir16], [AH19]). For 0 <  < 1/2, we have
a. Let X ∈ Q ⊂Mg, then vol(BX())  2d.
b. Let X ∈ pi−1(Q) ⊂ Tg, then µH,Lγ,K (BX()) = vol(BX() ∩HLγ,K) = O(2d−1/L).
Remark 4.6. The first claim of the theorem above is exactly [Mir07a, Theorem 5.5.a]. The
second claim is proved in [Mir07a] (Theorem 5.5.b) in the case when γ is a simple closed
curve, and claimed in [Mir16] (Proposition 2.1.b) in a more general form without proof. The
proof of [Mir07a, Theorem 5.5.b] is concise and not easy to follow (see also the footnote in
[Wri19, Section 13.3]). A much stronger estimate is obtained by F. Arana-Herrera in [AH19]
(Proposition 1.6) with different methods.
The group (R+,×) acts onMLg,n by scaling; the resulting quotient space is noted by
PMLg,n.
Corollary 4.7 ([Mir07a, Corollary 5.8]). Let V ⊂ PMLg be open, X ∈ Tg, and p : Tg ×
PMLg → P1Mg be the canonical projection. For small  > 0, we have
lim sup
L→∞
νLγ,K(p(BX()× V ))
L2d−1
= O
(
(µWP × µTh)(BX()× V (X))
)
,
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where V (X) := {η ∈MLg : `η(X) ≤ 1, [η] ∈ V }.
The original proof of Mirzakhani can be adapted word for word to prove the corollary
above. We include here a sketch of the proof for the sake of self-containedness.
Sketch of the proof. It suffices to treat the case of K = Rk+, which follows from
#{h · γ ∈MLg(Z) : h ∈ Modg, HLh·γ ∩BX() 6= ∅}
≤ #{h · γ ∈MLg(Z) : h ∈ Modg, [h · γ] ∈ V, (1− )L ≤ `h·γ(X) ≤ (1 + )L}
= O(L2dµTh(V (X))) when L→∞
and Theorem 4.5.b, namely, vol(BX() ∩HLh·γ) = O(2d−1)/L. 
Finally, we arrive at
Proposition 4.8. All weak limits of {νLγ,K/MLγ,K}L∈R+ are in the Lebesgue measure class.
Again, the original proof of [Mir07a, Theorem 5.9] of Mirzakhani can be adapted word
for word, and we sketch a proof for completeness.
Sketch of the proof. Let ν be a weak limit of {νLγ,K/MLγ,K}L∈R+ , and let A ⊂ P1Mg a null set
(with respect to the Lebesgue measure induced by µWP × µTh on Tg ×MLg). Without loss
of generality we can assume that A is contained in a compact subset of P1Mg (the volume
of the thin part is controlled thanks to Proposition 4.3). Given  > 0, A can be covered by
a finite collection of sets of the form p(Vi ×BXi(i)), where p : PMLg × Tg → P1Mg is the
canonical projection, with∑
i
(µWP × µTh) (BXi(i)× Vi(Xi)) ≤ .
It suffices to prove that ∑
i
νLγ,K(Vi ×BXi(i))
L2d−1
= O()
when L→∞, which follows immediately from Corollary 4.7. 
Conclusion.
Proof of Theorem 4.1. Let ν be a weak limit of the sequence νLγ,K/MLγ,K . By Proposition 3.4,
Proposition 4.8, Proposition 4.3, ν is a probability measure in the Lebesgue measure class
which is invariant under the earthquake flow, then the theorem follows from the ergodicity
of the earthquake flow. 
5. Counting
In this section we combine the equidistributivity of large horospheres and Margulis’
thickening technique, which was developed in his Ph.D. thesis (see [Mar70], see also [EM93]
and [EMM19]), to count points, which correspond to the multicurves that we seek, within a
horoball inMγg .
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The horoball R≤Lγ,K ⊂Mγg and the horoball measure µ≤Lγ,K onMg are defined by
R≤Lγ,K :=
⋃
r∈[0,L]
Rrγ,K , µ
≤L
γ,K :=
∫ L
0
µtγ,K dt.
Let X ∈ Mg and let N(L) be the number of preimages of X under piγ : Mγg → Mg
which lie within the horoball R≤Lγ,K ⊂Mγg , i.e.
N(L) := #{pi−1γ (X) ∩R≤Lγ,K}.
The main result is
Theorem 5.1. We have
N(L) ∼ Cγ,K |Sym(γ)|
2d
B(X)
bg
L2d,
when L→∞, where Cγ,K is the leading coefficient of MLγ,K (see Corollary 3.3).
First, we introduce a family of cones Ka,b in Rk+, indexed by a = (a1, . . . , ak−1) ∈
[0, 1]k−1 and b = (b1, . . . , bk−1) ∈ [0, 1]k−1 with ai < bi for all 1 ≤ i ≤ k − 1, defined by
Ka,b :=
{
(x1, . . . , xk) ∈ Rk+ : ai ≤
cixi
c1x1 + · · ·+ ckxk ≤ bi,∀1 ≤ i ≤ k − 1
}
.
Since any cone KA determined by an open subset A of ∆1γ can be approximated from outside
(resp. from inside) by a sequence KA+n (resp. KA−n ) of finite disjoint unions of cones of the
form Ka,b with Cγ,A+n → Cγ,K (resp. Cγ,A−n → Cγ,K) when n → ∞, it suffices to prove the
theorem in the case of K = Ka,b.
To simplify the notation, we will write in the rest of the section:
K := Ka,b, K+ := K 1−
1+
a, 1+
1− b
, K− := K 1+
1−a,
1−
1+
b.
Let us start with the following lemma
Lemma 5.2. Let p, q ∈Mγg with dTh(p, q) ≤  and 0 <  < 1/2. We have
1. If p ∈ R≤(1−)Lγ,K− , then q ∈ R≤Lγ,K.
2. If p ∈ R≤Lγ,K, then q ∈ R≤(1+)Lγ,K+ .
Proof. We prove part 2 of the lemma; part 1 is similar. Assume p ∈ R≤Lγ,K . On the one hand,
(2.1) implies
`γ(q) ≤ (1 + )`γ(p) ≤ (1 + )L.
On the other hand, always by (2.1),
1− 
1 + 
· ai ≤ ci(1− )`γi(p)
(1 + )`γ(p)
≤ ci`γi(q)
`γ(q)
≤ ci(1 + )`γi(p)
(1− )`γ(p) ≤
1 + 
1−  · bi.
Therefore q ∈ R≤(1+)Lγ,K+ . 
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Proof of Theorem 5.1. Let N−(L) be the number of preimages of X under piγ such that the
Thurston distance ball centered at p is entirely contained in the horoball R≤Lγ,K , i.e.
N−(L) := #{Y ∈ pi−1γ (X) ⊂Mγg : BY () ⊂ R≤Lγ,K},
and let N+(L) denote the number of preimages of X under piγ such that the Thurston
distance ball centered at p intersects the horoball R≤Lγ,K , in other word,
N+(L) := #{Y ∈ pi−1γ (X) ⊂Mγg : BY () ∩R≤Lγ,K 6= ∅}.
By definition,
N−(L) ≤ N(L) ≤ N+(L).
For sufficiently small value of , it follows from Lemma 5.2 that
N+(L) · vol(BX()) ≤ vol(pi−1γ (BX()) ∩R≤(1+)Lγ,K+ ),
and
vol(pi−1γ (BX() ∩R≤(1−)Lγ,K− ) ≤ N−(L) · vol(BX()).
By (3.1), for all U ⊂Mg we have
(5.1) vol(pi−1γ (U) ∩R≤Lγ,K) = |Sym(γ)| · µ≤Lγ,K(U),
which implies
µ
≤(1−)L
γ,K− (BX()) ≤
N(L) · vol(BX())
|Sym(γ)| ≤ µ
≤(1+)L
γ,K+
(BX()).
By Corollary 4.2,
lim
L→∞
µ
≤(1+)L
γ,K+
(BX())
L2d
= lim
L→∞
1
L
∫ (1+)L
0
µtγ,K+(BX())dt
L2d−1
=
(1 + )2dCγ,K+
2dbg
∫
BX()
B(Y )dµWP(Y ),
Hence,
1
|Sym(γ)| · lim supL→∞
N(L) · vol(BX())
L2d
≤ (1 + )
2dCγ,K+
2dbg
∫
BX()
B(Y )dµWP(Y ).
Similarly,
(1− )2dCγ,K−
2dbg
∫
BX()
B(Y )dµWP(Y ) ≤ 1|Sym(γ)| · lim infL→∞
N(L) · vol(BX())
L2d
.
We obtain by tending → 0,
1
|Sym(γ)| · limL→∞
N(L)
L2d
=
Cγ,K
2d
B(X)
bg
.
Thus the theorem is established. 
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6. Statistics
Proof of Theorem 1.2. Observe that the set
{[(X, (h · γi)ki=1)] ∈Mγg : h ∈ Modg, (`h·γi(X))ki=1 ∈ ∆Lγ ∩K}
and the set
{(h · γi)ki=1 : h ∈ Modg, (`h·γi(X))ki=1 ∈ ∆Lγ ∩K}
are in natural bijection. Thus the theorem follows from Theorem 5.1. 
Remark 6.1. A related result was recently established by F. Arana-Herrera in [AH20] (The-
orem 1.6 and Theorem 1.7).
Example 6.2. If γ = γ1 + · · · + γd is a pants decomposition, then Vgv ,nv(xv) = 1 for all
v ∈ V (Γ ), which gives Theorem 1.1. Note that the probability distribution which we get on
the simplex is the Dirichlet distribution.
Example 6.3. Let γ = γ1 +γ2 be a multicurve on Σg such that γ2 separates Σg into surfaces
of genera 1 and g− 1, and γ1 is located on the component of genus 1 and chops the resulting
torus with a hole into pairs of pants as in Figure 3. Let
x1 =
`γ1(X)
`γ1(X) + `γ2(X)
, x2 =
`γ2(X)
`γ1(X) + `γ2(X)
.
By Theorem 1.2, the density function of resulting length distribution for a random multicurve
γ as above, is given (up to a constant) by the following polynomial:
x1 · x2 · V >g−1,1(x2) · V >0,3(x1, x1, x2) = x1 · x2 · V >g−1,1(x2) = cst · x1 · x6g−112 .
This implies that for large genera g almost all mass is concentrated near x1 = 0, which means
that the separating (simple closed) geodesic component γ2 of a random hyperbolic multi-
geodesic γ as described above, is much longer than the non-separating geodesic component
γ1.
γ1
γ2
Figure 3. Example 6.3
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Example 6.4. Let γ = γ1 +γ2 be a multicurve on Σg such that γ1 separates Σg into surfaces
of genera g1 and g − g1, and γ2 separates the genus g − g1 connected component of Σ r γ1
into surfaces of genera g2 and g − g1 − g2, as in Figure 4. Let
x1 =
`γ1(X)
`γ1(X) + `γ2(X)
, x2 =
`γ2(X)
`γ1(X) + `γ2(X)
.
By Theorem 1.2, the density function of resulting length distribution for a random multicurve
γ as above, is given (up to a constant) by the following polynomial:
x1 · x2 · V >g1,1(x1) · V >g2,1(x2) · V >g−g1−g2,2(x1, x2) = P (x1, x2) · x6g1−31 · x6g2−32 ,
where P (x1, x2) is a symmetric polynomial in x1 and x2. This implies that for large genera
g, if g2  g1 then almost all mass is concentrated near x1 = 0, which means that in a typical
random hyperbolic multi-geodesic γ described as above, the length of γ2 is much larger than
that of γ1.
γ1
γ2
g1
g2
Figure 4. Example 6.4
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